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Multiscale mixing efficiencies for steady sources
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Multiscale mixing efficiencies for passive scalar advection are defined in terms of the suppression of
variance weighted at various length scales. We consider scalars maintained by temporally steady but spatially

inhomogeneous sources, stirred by statistically homogeneous and isotropic incompressible flows including
fully developed turbulence. The mixing efficiencies are rigorously bounded in terms of the Péclet number and
specific quantitative features of the source. Scaling exponents for the bounds at high Péclet number depend on
the spectrum of length scales in the source, indicating that molecular diffusion plays a more important quan-
titative role than that implied by classical eddy diffusion theories.
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INTRODUCTION

Mixing in fluid flows plays a central role in many scien-
tific and engineering applications and is the subject of a large
body of theoretical research [1]. In this paper, we consider
the mixing of a passive scalar maintained by a temporally
steady but spatially inhomogeneous source without a clear
separation of length scales between the source and the stirrer,
as is necessary for multiscale analyses, or when length scales
in the source are the smallest scales in the problem.

The effectiveness of a given stirring velocity vector field
in a statistically stationary state is naturally gauged by its
ability to suppress the space-time averaged variance of the
scalar: a decrease in the variance indicates a more uniformly
mixed scalar. The ratio of the scalar variance in the presence
of stirring to that resulting from molecular diffusion alone
defines a dimensionless measure of the mixing efficiency of
the flow. Scalar variances may be weighted at diverse spatial
length scales, so we introduce a family of mixing efficiencies
that measure the effectiveness of the stirring on different
scales. Not unexpectedly, these mixing efficiencies generally
depend on details of both the source and the stirring. Saw-
ford and Hunt [2] highlighted the role of source size in par-
ticle dispersion models for the case of small sources, show-
ing that the concentration variance depends explictly on the
molecular diffusivity. Here we make direct use of the
advection-diffusion equation to show the nature of this de-
pendence for a wide range of source types.

For statistically stationary, homogeneous, and isotropic
flows—including turbulence—we derive new, mathemati-
cally rigorous and physically relevant limits on these effi-
ciencies in terms of the Péclet number and quantitative fea-
tures of the source alone. We discover that the high-Péclet
number scaling exponents of the efficiency bounds depend
on the spatial dimension, the length scales upon which the
variance is observed, and spatial scales in the source. These
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results show that the spectrum of length scales in the source
may be more important than the distribution of length scales
in the flow in determining the mixing efficiencies. Moreover,
we derive novel quantitative estimates of nontrivial scaling
exponents for the mixing efficiencies in cases in which the
source is fractal or measure-valued. These are anomalous
scalings that cannot be deduced from dimensional arguments
alone.

PROBLEM STATEMENT AND DEFINITIONS

The advection-diffusion equation for the concentration
0(x,1) of a passive scalar is

d,0+u-VO=kAO+s, (1)

where « is the molecular diffusivity. We restrict attention to
spatially periodic boundary conditions for x [0,L]¢. The
time-independent source s(x) in Eq. (1) is taken (without loss
of generality) to have spatial mean zero so that eventually
the concentration 6(x,) will have spatial mean zero as well.

The velocity field u(x,¢) is given. It could be the solution
of some dynamical equations or a particular stochastic pro-
cess, but in any case we consider it to be a prescribed
divergence-free vector field with the following equal-time
single-point statistical properties shared by homogeneous
isotropic turbulence:
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where the overbars represent the long-time average (assumed
to exist) at each point in space. The rms velocity U measures
the strength of the stirring and () indicates the flow field’s
strain or shear content. The ratio A=U/{) corresponds to the
Taylor microscale for homogeneous isotropic turbulence.
The Péclet number for the flow is Pe=UL/ k.

We quantify the mixing of the scalar by the magnitude
of the variances ([V6?>), (#), and (|V'6]?), where ()
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denotes space-time averaging. (The operator V! is defined
by its Fourier representation in the periodic domain,
V- ——ik/k>) These variances measure the fluctuations of
at relatively small, intermediate, and large length scales. Col-
lectively we write the norms {|V”6?) for p=1, 0, and —1.
Note that ({V~'6J?) is reminiscent of the recently introduced
mix-norm [3], as both downplay the importance of the small
scales.

In order to define dimensionless mixing efficiencies, we
use the baseline variances defined by the solution 6, of Eq.
(1) with the same source but u=0, i.e., §y=—«"'A's. Com-
paring fluctuations in the presence of stirring to the moments
(|V76,|?) allows us to gauge the effect of stirring. We define
the dimensionless mixing efficiencies &, by

&2 = (v oV o). 3)

These efficiencies increase when the stirring decreases the
scalar variances relative to molecular diffusion alone.

MIXING EFFICIENCY BOUNDS

Upper bounds on &, result from lower limits on the vari-
ances. We begin with estimates on (#°) using the method
developed in [4]: multiply Eq. (1) by an arbitrary (but
smooth, spatially periodic) function ¢(x), average, and inte-

grate by parts to find
(0(u -V + kA) ) =—(gs). 4)

Fluctuations are bounded from below via the min-max varia-
tional expression

(¢)= max m;n{<192>|<19(u Vo + kAe) =-(es)}.

The minimization over ¥ is easily achieved, equivalent to
application of the Cauchy-Schwarz inequality, yielding

(6% = max{@s)*/{(u - Vo + kAg)?). (5)

This is the sort of variational estimate derived in [4]. Plasting
and Young recently enhanced that analysis by including the
scalar dissipation rate as a constraint [5].

The subsequent maximization over ¢ is particularly
simple for statistically homogeneous and isotropic flows sat-
isfying Eq. (2), for then the denominator in Eq. (5) is

2
((w-Vo+rAp))y= <%|V<P|2 + KZ(A<P)2>, (6)

i.e., the quadratic form (¢[«*A>—(U?/d)A]¢). Hence the
variational problem (5) yields

2 (sA™%s)
07 (s{A2 = (UM KPd)AY ')’

a bound that depends on the shape of the source function but
not its amplitude, and on the stirring velocity field only
through its influence on the length scale x/U=Pe'L.
Limits for the small-scale and large-scale efficiencies &,
are obtained from Eq. (4) in the same manner after integra-
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tions by parts and application of the Cauchy-Schwarz in-
equality. For the gradient variance

(s ={(up+kV @) - VO <(lup+ «V ¢*¥}|VI?*
)

(VO = max (@s)*(ug+ k V ¢)?). (8)

A potentially sharper bound involving the full two-point cor-
relation function for the velocity field can be obtained by
formally minimizing over 6 [6], but for our purposes the
estimate (8) suffices. For statistically homogeneous isotropic
flows, the denominator above is {¢[-«*A+U*]¢) and opti-
mization over ¢ leads to

g (AT

T = A+ U ) ©

The bound on large-scale fluctuations follows from Eq.
(4) using #=V-V~16, an integration by parts, and Cauchy-
Schwarz,

(@s)?>=(V(u-Vo+kAp) - (V16))?
<{(Vu-Vo+u -VVo+ AV ¢>|V'6?

so that

{V='6]*) = max (gs)” .
e {(Vu-Vo+u-VVe+kAV @)

For statistically homogeneous isotropic flows, the denomina-
tor is (@[—k2A3+(U?/d)A*—(Q%/d)A]¢) so that

o - (s(= A%)s)
U (sf= A3+ (UK A? = (QH K2 AY )

It is helpful to rewrite the bounds in Fourier space,
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where we have rescaled [0,L]¢ to [0,1]% so that wave-vector
components are integer multiples of 277. Now we investigate
the large Péclet number behavior of these bounds for a vari-
ety of classes of sources.

MONOCHROMATIC SOURCES

For sources that depend only on a single wave number k;,
the bounds simplify to
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& < \1+Pek>,

Eo=<\1+Pe¥k’d,

£ <1+ Pek2d + PNk d.

Each efficiency is asymptotically proportional to Pe, corre-
sponding to the expected suppression of variance if the mo-
lecular diffusivity « is replaced by an eddy diffusivity pro-
portional to UL. Moreover, these upper bounds are sharp:
they may be realized by uniform flow fields whose direction
varies appropriately in time to satisfy the weak statistical
homogeneity and isotropy conditions used in the analysis
[5,6]. Each estimate also exhibits a decreasing dependence
on the length scale of the source: at high Pe, the estimates for
the small and intermediate scale efficiencies £, and &, are
~Pe/k,. This suggests that an eddy diffusivity might better
be defined as a product of U and a length scale ~ks_1 char-
acterizing the source, rather than some scale characterizing
the stirring.

SQUARE-INTEGRABLE SOURCES AND SINKS

In situations in which the Fourier coefficients are square-
summable, the asymptotic Pe— o behavior of the mixing
efficiency bounds for smooth sources is straightforward,

(11a)
2 Iselk?
k
Ey<Pe _ (11b)
d> sk
k
2 [sel 7K
£, <Pe £ (11c)

A [siP 1 + 12N
k

These are the same Pe scalings as observed for monochro-
matic sources but with prefactors involving distinct charac-
teristic length scales of the source tailored to the scales
where the different efficiencies are tuned. We reiterate that
the Pe! scaling of the efficiencies is precisely that which is
expected from the conventional notion of eddy diffusion, at
least with regard to the U and « dependence. A novel feature
of these rigorous estimates is that the mixing lengths to be
employed in constructing the effective diffusion from U de-
pend on (i) the source structure rather than some character-
istic persistence length in the flow, and (ii) the length scales
in the concentration fluctuations stressed by the different
multiscale efficiencies.

ROUGH SOURCES

The Péclet number scaling may actually change for rough
sources, i.e., when s(x) is not square-integrable, resulting in
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anomalous behavior for some of the efficiencies. The rough-
est physically meaningful sources are measure-valued
sources like o functions with nondecaying Fourier coeffi-
cients |sg|=0(1) as k— 0. Then the sums in Eq. (11a) and
the denominator of Eq. (11b) diverge in d=2 or 3 so those
scalings are invalid. In this case, the Pe dependence of &,
disappears altogether and all finite kinetic energy stirring
fields are completely ineffective at suppressing small-scale
fluctuations.

To determine the high-Pe behavior of &), we approximate
sums by integrals. The denominator of Eq. (10b) is

5 1 f ” k*'dk (12)
© K+ (P ), K+ Pk (4mPd)’
For d=2, the integral in Eq. (12) is
* kdk log Pe
f 4 2,2 ~ =L 2 (13)
o kY + P’k 8T Pe
resulting in the asymptotic bound

Ey=Pe/\logPe, d=2. (14)

Hence there is at the very least a logarithmic correction to &,
as compared to the square-integrable source case.
For d=3, the integral in Eq. (12) becomes

* k*dk 1
4 2,2 = . (15)
o Kt + PR/ 127 Pe

resulting in an anomalous scaling bound
& =<\Pe, d=3. (16)

This is a dramatic modification of the classical scaling.

Similar analysis shows that the upper bound on the large-
scale mixing efficiency £_;~Pe in Eq. (11¢) persists even
for these roughest sources.

ROUGH SOURCES WITH A CUTOFF

Approximate &-like sources of small but finite-size € have
Fourier coefficients s; that are approximately constant in
magnitude up to a cutoff wave number of order 27/, be-
yond which the spectrum decays as for a smooth source. We
may deduce the behavior of the bound on & for such sources
by inserting an upper limit at L/€> 1 into the integral in Eq.
(12). For large but intermediate Péclet numbers satisfying
1 <Pe<<L/{, the cutoff is ineffective so the logarithmic cor-
rection Eq. (14) in d=2 and the anomalous scaling Eq. (16)
in d=3 appear. However for Pe>L/{, i.e., when the modi-
fied Péclet number based on the smallest scale in the source
U€/k>1, the smooth source results apply and we recover
the mixing efficiency bounds linear in Pe, as in Eq. (11).
Figure 1 shows this scaling transition for the d=3 case. Even
in the ultimate regime where the source appears smooth,
the prefactor in front of the high-Pe scaling bounds is sig-
nificantly diminished by the small scales in the source:
Eo=[log(L/€)]""> Pe in d=2, and E,=<[€/L]"? Pe in d=3.
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FIG. 1. Upper bound for the mixing efficiency & as a function
of Péclet number for a small source with £=1078L stirred by a
three-dimensional statistically homogeneous and isotropic flow
[computed from Eq. (10b)]. The intermediate Pe!/? scaling for I
<Pe<(L/€) is evident.

FRACTAL SOURCES

We may also analyze anomalous scalings for more gen-
eral fractal rough sources where the Fourier spectrum |sy]
decays as k~7 with 0= y=<d/2. The roughest measure-valued
sources have y=0 while for y>d/2 the source is square-
integrable and thus effectively smooth as far as these multi-
scale mixing efficiencies are concerned. In order to examine
the high Péclet number asymptotics of the bounds on the
various &,, we estimate integrals similar to Eq. (12) but with
an extra factor of k72" in the numerator arising from |s|>.
The results are summarized in Table I. In d=2, the scaling
for £, is anomalous for any degree of roughness while & is
anomalous only for y=0. In d=3, &, is again anomalous for
any degree of roughness while &, scales anomalously for 0
< y<<1/2. For both d=2 and 3, the bound on the large-scale
mixing efficiency &_; is always conventional. Of course
these scalings neglect any large-k cutoff for the rough
sources. If there is a cutoff at wave number 27r/¢, then the
same arguments apply to recover the normal scaling ~Pe for
Pex>L/¢.

DISCUSSION

The multiscale mixing efficiency bounds derived here re-
veal new aspects of the ability—and in some cases the
inability—of statistically homogeneous and isotropic incom-
pressible flows to effectively suppress fluctuations in passive
scalars. Several notable features of the phenomena have
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TABLE 1. Scalings of the bound on the mixing efficiency &, as
functions of the source roughness exponent v of the source in two
and three dimensions.

d=2 p=1 p=0 p=-1
y=0 1 Pe/(log Pe)!”? Pe
0<y<l1 Pe” Pe Pe
y=1 Pe/(log Pe)'”? Pe Pe
y>1 Pe Pe Pe
d=3

y=0 1 Pe!/? Pe
0<y<1/2 1 Pertl2 Pe
y=1/2 1 Pe/(log Pe)!”? Pe
1/2<y<3/2 Pe?-!/2 Pe Pe
y=3/2 Pe/(log Pe)'”? Pe Pe
y>3/2 Pe Pe Pe

emerged from this analysis. One is that the structure of the
source maintaining the scalar concentration plays a central
role in efficiency of mixing at different length scales while
the detailed structure of the flow, i.e., the spectrum of length
(and time) scales in the velocity field, plays only a secondary
role as far as the small and intermediate scale efficiencies &,
and &, are concerned. The bound on £_; in Eq. (11¢), how-
ever, means that small-scale structure and strain in the ad-
vecting flow could possibly enhance the large-scale mixing
efficiency.

For rough sources, the efficiencies scale at least as anoma-
lously as indicated in Table I, and no clever small-scale stir-
ring can alleviate this effect. When efficiency bounds scale
anomalously, molecular diffusion plays a much more impor-
tant role than implied by conventional eddy diffusion theo-
ries. For then—as far as variance suppression is concerned—
there can be then no residual effective diffusivity due to
stirring in the limit of negligible molecular diffusion.
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